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Background and Inspiration
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For the Love of Operations Research, a Branch of
Applied Mathematics

When were you first captivated by Operations Research
(OR)?

From my first university course on the subject to my first
projects in industry - working in the high tech defense sector
on naval submarines in Newport, Rhode Island, I was drawn
to the power of the subject, especially when combined with
computing.
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Off to Grad School for a PhD

While working in high tech defense consulting I realized that I did

not like having a boss. I commuted, ran marathons, and worked

full time while taking courses for my Master’s at Brown.

Dr. Stella Dafermos was the only female professor at the time in either
Engineering or Applied Mathematics at Brown University. I became her
first PhD student.

Stella was only the second female in the US to have received a
PhD in OR and that was at Johns Hopkins University.
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On the Shoulders of Giants - My Academic Genealogy -
Maxwell, Newton, and Galileo
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Network Systems and the Braess Paradox
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I Work on the Modeling of Network Systems

And utilize optimization, game theory, and also dynamical
systems to gain insights as to the behavior of stakeholders.
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Some of My Books
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Decentralized (Selfish) vs. Centralized (Unselfish) Behavior

User-Optimization (U-O) versus System-Optimization (S-O)
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The Braess (1968) Paradox and User-Optimizing (U-O)
Behavior

Assume a network with a single
O/D pair (1,4). There are 2
paths available to travelers:
p1 = (a, c) and p2 = (b, d).

For a travel demand of 6, the
equilibrium path flows are
x∗p1 = x∗p2 = 3 and

The equilibrium path travel
cost is
Cp1 = Cp2 = 83.
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ca(fa) = 10fa, cb(fb) = fb + 50,

cc(fc) = fc +50, cd(fd) = 10fd .
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Adding a Link Increases Travel Cost for All!

Adding a new link creates a new
path p3 = (a, e, d).

The original flow distribution
pattern is no longer an
equilibrium pattern, since at this
level of flow the cost on path
p3,Cp3 = 70.

The new equilibrium flow pattern
network is
x∗p1 = x∗p2 = x∗p3 = 2.

The equilibrium path travel
cost: Cp1 = Cp2 = Cp3 = 92.
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ce(fe) = fe + 10

Travel cost / time increases for everyone!
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We Translated the 1968 Braess Article from German to
English.

“On a Paradox of Traffic Planning,” D. Braess, A. Nagurney,
and T. Wakolbinger, Transportation Science 39 (2005), pp
446-450.
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The Braess Paradox Around the World

1969 - Stuttgart, Germany - The
traffic worsened until a newly
built road was closed.

1990 - Earth Day - New York
City - 42nd Street was closed and
traffic flow improved.

2002 - Seoul, Korea - A 6 lane
road built over the
Cheonggyecheon River that
carried 160,000 cars per day and
was perpetually jammed was torn
down to improve traffic flow.
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Interview on Broadway for America Revealed
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Under S-O behavior, the total cost in the
network is minimized, and the new route p3,
under the same demand, would not be used.

The Braess paradox never occurs in S-O
networks.
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Recall the Braess network with the added link e.

What happens as the demand changes?
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The U-O Solution of the Braess Network with Added Link (Path)
and Time-Varying Demands Solved as an Evolutionary Variational
Inequality (A. Nagurney, P. Daniele, and D. Parkes, Computational
Management Science 4 (2007), pp 355-375).
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In Demand Regime I, Only the New Path is Used.
In Demand Regime II, the travel demand lies in the range [2.58,
8.89], and the Addition of a New Link (Path) Makes
Everyone Worse Off!
In Demand Regime III, when the travel demand exceeds 8.89, Only
the Original Paths are Used!
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The new path is never used, under U-O behavior, when the
demand exceeds 8.89, even when the demand goes out to
infinity!

David Parkes, Patrizia Daniele, and Anna Nagurney at
Harvard University.
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Other Networks that Behave like Traffic Networks

The Internet and electric power networks and even supply
chains!
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Congestion is Not a New Phenomenon

The study of the efficient operation of transportation
networks dates to ancient Rome with a classical example
being the publicly provided Roman road network and the
time of day chariot policy, whereby chariots were banned
from the ancient city of Rome at particular times of day.
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Policies - Tolls and Congestion Pricing

Both William Vickrey, a Nobel laureate in Economic Sciences
(in the 1950s), and Stella Dafermos (in the 1960s) with F.
Tom Sparrow, constructed formulae for tolls, also, now
known as congestion pricing.

Such policies have been implemented in several cities,
including London and Gothenburg and now even in NYC,
with the goal of reducing traffic congestion by altering the
behavior of travellers / users of the transportation networks
through pricing.
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Methodology - Variational Inequalities
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Variational Inequalities

Dafermos (1980) identified that the traffic network equilibrium

conditions, as formulated by Smith (1979), were a variational

inequality (VI) problem. This unveiled the theory for the

formulation, analysis, and computation of solutions to numerous

equilibrium problems in Operations Research, economics,

engineering, and other disciplines.

The paper, available for free download, S. Dafermos (1980), “Traffic
Equilibrium and Variational Inequalities,” Transportation Science
14(1), pp 42-54,

was selected by the Editors as one of the 12 most impactful papers in 50

years!
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Background

To-date, problems which have been formulated and studied
as variational inequality (VI) problems include:

• traffic network equilibrium problems
• spatial price equilibrium problems
• oligopolistic market equilibrium problems
• financial equilibrium problems
• migration equilibrium problems, as well as
• environmental network and ecology problems,
• knowledge network problems,
• electric power generation and distribution networks,
• supply chain network equilibrium problems, and even
• the Internet!
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Variational Inequality Theory

Variational inequality theory provides us with a tool for:

• formulating a variety of equilibrium problems;
• qualitatively analyzing the problems in terms of existence and
uniqueness of solutions, stability and sensitivity analysis, and
• providing us with algorithms with accompanying convergence
analysis for computational purposes.

It contains, as special cases, such well-known problems in
mathematical programming as: systems of nonlinear
equations, optimization problems, complementarity problems,
and is also related to fixed point problems.
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Variational Inequality Theory

Definition: Finite-Dimensional Variational Inequality Problem

The finite-dimensional variational inequality problem, VI(F ,K), is
to determine a vector X ∗ ∈ K ⊂ RN , such that

⟨F (X ∗),X − X ∗⟩ ≥ 0, ∀X ∈ K,

where F is a given continuous function from K to RN , K is a
given closed convex set, and ⟨·, ·⟩ denotes the inner product in
N -dimensional Euclidean space. In the above inequality,
F (X )≡(F1(X ),F2(X ), . . . ,FN (X ))T , and X ≡ (X1,X2, . . . ,XN )T .

The inequality is equivalent to

N∑
i=1

Fi (X
∗) · (Xi − X ∗

i ) ≥ 0, ∀X ∈ K.
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Geometric Interpretation of VI(F ,K) and a Projected
Dynamical System

As shown by Dupuis and Nagurney (1993), there is associated with
a VI problem, a projected dynamical system, which provides a
natural underlying dynamics until an equilibrium state is achieved,
under appropriate conditions. In particular, F (X ∗) is “orthogonal”
to the feasible set K at the point X ∗.
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To model the dynamic behavior of complex network systems,
including supply chains, we utilize projected dynamical systems
(PDSs) advanced by Dupuis and Nagurney (1993) in the Annals of
Operations Research and by Nagurney and Zhang (1996) in our
book Projected Dynamical Systems and Variational Inequalities
with Applications.

Such nonclassical dynamical systems are being used for

evolutionary games (Sandholm (2005, 2011)),

ecological predator-prey networks (Nagurney and Nagurney
(2011a, b)),

even neuroscience (Girard et al. (2008),

dynamic spectrum model for cognitive radio networks
(Setoodeh, Haykin, and Moghadam (2012)),

Future Internet Architectures (Saberi, Nagurney, and Wolf
(2014); see also Nagurney et al. (2015)).
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Representation of Supply Chains as Networks
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Much of My Recent Research Has Been on Supply Chains
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Characteristics of Supply Chains and Networks Today

large-scale nature and complexity of network topology;

congestion, which leads to nonlinearities;

alternative behavior of users of the networks, which may
lead to paradoxical phenomena;

possibly conflicting criteria associated with optimization;

interactions among the underlying networks themselves,
such as the Internet with electric power networks, financial
networks, and transportation and logistical networks;

recognition of their fragility and vulnerability;

policies surrounding networks today may have major impacts
not only economically, but also socially, politically, and
security-wise.
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Representation of Supply Chains as Networks

By depicting supply chains as networks, consisting of nodes,
links, flows (and also associated functions and behavior) we
can:

• see commonalities and differences among supply chain
problems and even other network problems;

• avail ourselves, once the underlying functions (cost, profit,
demand, etc.), flows (product, informational, financial, relationship
levels, etc.), and constraints (nonnegativity, demand, budget, etc.),
and the behavior of the decision-makers is identified, of powerful
methodological network tools for modeling, analysis, and
computations;

• build meaningful extensions using the graphical/network
conceptualization.
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A Multidisciplinary Approach

In our research on perishable and time-sensitive product
supply chains, we utilize results from physics, chemistry,
biology, and medicine in order to capture the perishability of
various products over time from healthcare products such as
blood, medical nucleotides, and pharmaceuticals to food.
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Some of the Supply Chain Network Topologies

Applications to pharmaceutical supply chains, blood and
medical nuclear ones, and, of course, food.
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Research on Quality is Related to That on Perishability

Examples of product quality failures have included: �
adulterated infant formula � inferior pharmaceuticals �
defective airbags � defective ignition switches �
bacteria-laden food � exploding smartphones, etc.
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In the book, we present supply chain network models and
tools to investigate, amongst other topics, information
asymmetry, impacts of outsourcing on quality, minimum
quality standards, applications to industries such as pharma,
freight services and quality, and the identification of which
suppliers matter the most to both individual firms’ supply
chains and to that of the supply chain network economy.

Professor Anna Nagurney Networks and Supply Chains



Food Supply Chains and Disruptions
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Food Supply Chains

Food is essential to our health and well-being. During the
Covid-19 pandemic, declared on March 11, 2020 by the
World Health Organization, the associated supply chains
suffered major disruptions. Various disruptions continue
because of climate change, Russia’s war on Ukraine, and
other disasters.
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Fresh Produce Food Supply Chains

Our fresh produce supply chain network oligopoly model:

1 captures the deterioration of fresh food along the entire
supply chain from a network perspective;

2 handles the time decay through the introduction of arc
multipliers;

3 formulates oligopolistic competition with product
differentiation;

4 includes the disposal of the spoiled food products, along with
the associated costs;

5 allows for the assessment of alternative technologies involved
in each supply chain activity.

M. Yu and A. Nagurney, “Competitive Food Supply Chain

Networks with Application to Fresh Produce,” European Journal of

Operational Research 224(2) (2013), pp 273-282.
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Fresh Produce Food Supply Chains

i
R1

· · · RnR
Demand MarketsiHH

HHj

PPPPPPq?

������) ?

��
���· · · · · ·· · · · · ·· · · · · ·· · · · · ·

D1
1,2

i · · · iD1
n1D ,2

D I
1,2

i · · · iD I
nID ,2

?
. . .

?
. . .

?
. . .

?
. . .· · ·

D1
1,1

i · · · iD1
n1D ,1

D I
1,1

i · · · iD I
nID ,1

?

HH
HHj?

��
��� ?

HH
HHj?

��
���

· · · · · · · · · · · · · · · · · ·· · ·
C 1
1,2

i · · · iC 1
n1C ,2

C I
1,2

i · · · iC I
nIC ,2

?
. . .

?
. . .

?
. . .

?
. . .· · ·

C 1
1,1

i · · · iC 1
n1C ,1

C I
1,1

i · · · iC I
nIC ,1

?

H
HHHj?

�
���� ?

H
HHHj?

�
����

· · · · · · · · · · · · · · · · · ·· · ·

Production

Shipment

Processing

Shipment

Storage

Distribution

M1
1

i · · · iM1
n1M

M I
1

i · · · iM I
nIM

�
�	

@
@R

�
�	

@
@R

· · · · · · · · · · · ·
i1 iI· · ·

Food Firm 1 Food Firm I

The Fresh Produce Supply Chain Network Topology

Professor Anna Nagurney Networks and Supply Chains



Farmers’ Markets and Fresh Produce Supply Chains

The I farms compete noncooperatively in an oligopolistic manner.

Products are differentiated based on quality at the farmers’ markets.
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D. Besik and A. Nagurney, “Quality in Competitive Fresh Produce Supply
Chains with Application to Farmers’ Markets,” Socio-Economic Planning
Sciences 60 (2017), pp 62-76.
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Integrated Supply Chain Network Model

D. Besik, A. Nagurney, and P. Dutta, “An Integrated Multitiered

Supply Chain Network Model of Competing Agricultural Firms and

Processing Firms: The Case of Fresh Produce and Quality,”

European Journal of Operational Research 307(1) (2023), pp 364-381.
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Food Supply Chain Disruptions Due to COVID-19
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It’s All About People

A major research theme of ours in the COVID-19 pandemic (which

continues) was the inclusion of labor in supply chains, using

optimization and game theory.
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Perishable Food Supply Chain Network Model with Labor

“Perishable Food Supply Chain Networks with Labor in the
Covid-19 Pandemic,” A. Nagurney, in: Dynamics of Disasters -
Impact, Risk, Resilience, and Solutions, I.S. Kotsireas, A.
Nagurney, P.M. Pardalos, and A. Tsokas, Editors, Springer
Nature Switzerland AG, 2021, pp 173-193.
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Perishable Food Supply Chain Network Model with Labor
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Perishable Food Supply Chain Network Model with Labor

Our findings include:

1 The lack of labor on a single link, even a freight one,
may significantly negatively impact a food firm.

2 Preserving productivity in all utilized supply chain
network economic activities is critical since the impact of a
drastic reduction can severely reduce profits.

3 Adding more direct sales, whether at farmers’ markets or
nearby farm stands, may help a food firm in a pandemic.

4 Also, if a firm enhances its marketing so as to have
consumers be willing to pay a higher price for its fresh
produce, major profit increases can occur.
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Game Theory Supply Chain Network Modeling with Labor

In “Supply Chain Game Theory Network Modeling Under
Labor Constraints: Applications to the Covid-19 Pandemic,”
A. Nagurney, European Journal of Operational Research 293(3),
(2021), pp 880-891, a game theory model for supply chains with
labor was constructed, under three different sets of constraints,
building on our previous work.
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Game Theory Supply Chain Network Model with Labor
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Numerical Experiments

Our numerical examples are based on disruptions in migrant
labor in the blueberry supply chain in the Northeast of the
US in the summer of 2020.

• Disruptions in labor on a supply chain network link;
• Addition of a competitor;
• Modifications in demand price functions;
• Sensitivity analysis in terms of labor availability.

The full input and out data are available in our paper in the
European Journal of Operational Research.

Farmers should do everything possible to secure the health of
the workers at his production/harvesting facilities, so that
the blueberries can be harvested in a timely manner and so
that profits do not suffer. Keeping workers healthy, through
appropriate measures, impacts the bottom line!
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New Book
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Cybercrime and Cybersecurity
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How I Became Interested in Cybersecurity

One of my books, written with a UMass Amherst Isenberg
School PhD alum, was “hacked” and digital copies of it
posted on websites around the globe.

In a sense, this may be viewed as a compliment since clearly
someone had determined that it has some sort of value.
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Cybercrime and Cybersecurity

The publisher John Wiley & Sons was notified and lawyers
got involved but how do you contact and then influence
those responsible for postings on rather anonymous websites?

Clearly, hackers go where there is money.
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Perishability and Cybercrime in Financial Products

The paper, “A Multiproduct Network Economic Model of

Cybercrime in Financial Services,” A. Nagurney, Service Science

7(1) (2015) pp 70-81 provides insights into the perishability of

value of credit cards.
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Another Relevant Book and Chapter of Ours
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International Trade and Challenges
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International Trade

International trade provides us with commodities throughout
the year and has benefits for producers and consumers alike.
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World’s Biggest Importers
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World Trade Data - Top Exporters and Importers
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Global Trade Policies

Examples of policy instruments that have been applied by
governments to modify trade patterns include: tariffs,
quotas, and a combination thereof - tariff rate quotas.
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Tariffs Are Regularly in the News!

The imposition of tariffs by certain countries is leading to
retaliation by other countries with ramifications across
multiple supply chains, and a trade war.
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Global Trade Policies

We have been developing computable operational
mathematical models that enable the assessment of the
impacts of trade policy instruments such as tariff rate quotas
on consumer prices, trade flows, as well as on the profits of
producers/firms.

This is very challenging research!
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Motivation

A tariff rate quota (TRQ) is a two-tiered tariff, in which a lower
in-quota tariff is applied to imports until a quota is attained and
then a higher over-quota tariff is applied to all subsequent imports.

The Uruguay Round in 1996 induced the creation of more
than 1,300 new TRQs.

The world’s four most important food crops: rice, wheat,
corn, and bananas have all been subject to tariff rate quotas.
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Some of Our Papers on Tariffs and Other Policies
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International Agricultural Trade

International agricultural trade provides us with essential
agri-food commodities throughout the year, ensuring our
food security and simultaneously benefiting the farmers.
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An Example of Our Trade Policy Research

A. Nagurney, D. Besik, and L.S. Nagurney, “Global Supply
Chain Networks and Tariff Rate Quotas: Equilibrium Analysis
with Application to Agricultural Products, Journal of Global
Optimization 75 (2019), pp 439-460.

The model is a game theory one with tariff rate quotas and
the numerical case study is on avocadoes.
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Another Example of Our Trade Policy Research

A. Nagurney, D. Besik, and J. Dong, “Tariffs and Quotas in
World Trade: A Unified Variational Inequality Framework,”
European Journal of Operational Research 275(1) (2019), pp
347-360.

The model is a spatial price equilibrium one with tariff rate
quotas and the numerical case study is on the dairy industry.
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Investigation of Tariffs and Quotas in the Pandemic

A. Nagurney, M. Salarpour, and J. Dong, “Modeling of
Covid-19 Trade Measures on Essential Products: A
Multiproduct, Multicountry Spatial Price Equilibrium
Framework,” International Transactions in Operational Research
29(1) (2022), pp 226-258.

The model is a spatial price equilibrium one with unit tariffs,

quotas, price floors and ceilings. The case study is on PPEs.
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Disasters and Food Security

Climate change and COVID-19 impacted the affordability and
accessibility of agri-food products around the globe.

With the added disruptions of Russia’s full-scale invasion of
Ukraine on February 24, 2022, around 47 million people are
estimated to have been added to the more than 276 million
who were already facing food insecurity.

Critical links such as the Panama Canal, the Red Sea and
Suez Canal, and the Strait of Hormuz have been disrupted,
respectively, because of a drought affecting the Panama
Canal, Houthi attacks, and the US war on Iran.
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UMass Amherst and KSE Partnership

In March 2022, UMass Amherst and KSE established a
global partnership.

The partnership includes a Virtual Scholar in Residence
Program and exchange students from KSE.

Professor Anna Nagurney Networks and Supply Chains



Acknowledgment

I acknowledge the partnership between the University of
Massachusetts Amherst and the Kyiv School of Economics,
which facilitated our research on international agricultural
trade.

Professor Anna Nagurney Networks and Supply Chains



Some of Our Papers with KSE Colleagues

Professor Anna Nagurney Networks and Supply Chains



A Multiperiod International Agricultural Trade Network
Topology

D. Hassani, A. Nagurney, O. Nivievskyi, and P. Martyshev, “A

Multiperiod, Multicommodity, Capacitated International

Agricultural Trade Network Equilibrium Model with Applications to

Ukraine in Wartime,” Transportation Science 59(1) (2025), pp

143-164.
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New Edited Volume

In the edited volume is the paper, “Quantification of International

Trade Network Performance Under Disruptions to Supply,

Transportation, and Demand Capacity, and Exchange Rates in

Disasters,” by A. Nagurney, D. Hassani, O. Nivievskyi, and P.

Martyshev.
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The Multicommodity International Trade Model
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The Multicommodity International Trade Model

A. Nagurney, D. Hassani, O. Nivievskyi, and P. Martyshev,

“Exchange Rates and Multicommodity International Trade:

Insights from Spatial Price Equilibrium Modeling with Policy

Instruments via Variational Inequalities,” Journal of Global

Optimization 87 (2023), pp 1-30.
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The Multicommodity International Trade Model

In this paper, we harness the powerful theory of variational
inequalities to construct a model with the following features:

Multiple commodities;

Multiple routes from origin nodes to destination nodes in
the same or different countries;

Exchange rates and the formula for their computation along
trade routes;

Inclusion of policies in the form of tariffs, subsidies, and
quotas;

The underlying economic functions can be nonlinear and
asymmetric. Hence, our transportation cost functions
capture congestion.
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Additional Motivation

This work is inspired by Russia’s war on Ukraine and the
need to assess its impacts on agricultural trade as well as on
food insecurity and the need to provide more general
computable models for assessing the impacts of trade
policies and exchange rates on international trade.
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The Multicommodity International Trade Model

The network topology is denoted by the graph G = [N, L], where
N is the set of nodes, L is the set of links, and P is the set of
paths. There are H commodities, with a typical one denoted by h.
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The Multicommodity International Trade Model

Each path p represents a trade route. Intermediate nodes in the
network, which are transit points, also correspond to countries.

Let Pij denote the set of paths connecting the pair of
origin/destination country nodes (i , j). The paths are acyclic.

A typical link is denoted by a and represents transport from a
country node at which the link originates to the node denoting the
country at which the link terminates.

A trade route can entail transportation through multiple
countries, depending on the application, and via different
modes, such as rail, truck, air, or water (sea, river, etc.).
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The Exchange Rates

Associated with each link a ∈ L is an exchange rate ea, reflecting
the exchange rate from the country (node) that the link emanates
from to the country (node) that it terminates in.

Also, associated with each pair of origin/destination countries (i , j)
is the exchange rate eij for i = 1, . . . ,m; j = 1, . . . , n.
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The Trade Policies

There is a nonnegative subsidy associated with commodity h and
imposed by the government in country i , which is denoted by subhi
for h = 1, . . . ,H; i = 1, . . . ,m.

The unit tariff levied by country j on commodity h from country i
is denoted by τhij for h = 1, . . . ,H; i = 1, . . . ,m; j = 1, . . . , n.

Tariffs within a country are not imposed; hence, τhii = 0, ∀i , ∀h.

In addition, there are capacities, which can represent quotas, where
Q̄h

p ; h = 1, . . . ,H; p ∈ P, denotes the bound on the commodity
shipment of commodity h on path p.
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Variables and Constraints

All commodity path flows, for all commodities h, and all paths p,
must be nonnegative:

Qh
p ≥ 0, ∀h,∀p ∈ P. (1)

The flow on a link a of commodity h, in turn, is equal to the sum
of the path flows of the commodity h that use the link:

f ha =
∑
p∈P

Qh
p δap, ∀h, ∀a ∈ L. (2)

where δap = 1, if link a is contained in path p, and is 0, otherwise.
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Variables and Constraints

The supply of commodity h produced in country i , shi , is equal to
the shipments of the commodity from the country to all
destination countries:

shi =
∑
p∈P i

Qh
p , h = 1, . . . ,H; i = 1, . . . ,m, (3)

whereas the demand for commodity h in country j , dh
j , is equal to

the shipments of the commodity from all origin countries to that
country:

dh
j =

∑
p∈Pj

Qh
p , h = 1, . . . ,H; j = 1, . . . , n. (4)

Q ∈ RnP
+ is the vector of commodity shipments with s ∈ RHm

+

being the vector of commodity supplies and d ∈ RHn
+ being the

vector of commodity demands.
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Supply Price Functions

The supply price function for commodity h of country i is denoted
by πh

i and we have that:

πh
i = πh

i (s), h = 1, . . . ,H; i = 1, . . . ,m. (5a)

With notice of the conservation of flow equations (3), we may
define new supply price functions π̃h

i ; h = 1, . . . ,H; i = 1, . . . ,m,
such that

π̃h
i (Q) ≡ πh

i (s). (5b)
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Demand Price Functions

The demand price functions, in turn, are:

ρhj = ρhj (d), h = 1, . . . ,H; j = 1, . . . , n, (6a)

where ρhj denotes the demand price for commodity h in country j .
Making use now of conservation of flow equations (4), we
construct equivalent demand price functions ρ̃hj ; h = 1, . . . ,H;
j = 1, . . . , n, as follows:

ρ̃hj (Q) ≡ ρhj (d). (6b)

.
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Transportation Cost Functions

With each link a ∈ L, and commodity h, we associate a unit
transportation cost cha such that

cha = cha (f ), ∀h,∀a ∈ L. (7a)

Because of the conservation of flow equations (2), we can define
link unit transportation cost functions c̃ha (Q), ∀a ∈ L, ∀h, as:

c̃ha (Q) ≡ cha (f ). (7b)
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The Effective Exchange Rate

Observe that, in order to appropriately quantify the effective
transportation cost on a link a for a commodity h, if a commodity
makes use of the link on a path from an origin country node to a
destination country node, one needs to calculate the effective
exchange rate associated with the commodity on link a being
transported onward on path p, which is denoted by epa . Note that
epa is the product of the exchange rates on the links on path p that
include and follow link a on that path, and is given by:

epa ≡


∏

b∈{a′≥a}p

eb, if {a′ ≥ a}p ̸= Ø,

0, if {a′ ≥ a}p = Ø,

(8)

where {a′ ≥ a}p denotes the set of the links including and
following link a in path p, and Ø denotes the null set.
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The Effective Transportation Cost

The true transportation cost then on link a, a ∈ L, for commodity
h; h = 1, . . . ,H, when it is used in a path p, is given by the
expression:

c̃hpa = c̃ha (Q)epa . (9)

The effective transportation cost on a path, C̃h
p , ∀p ∈ P, for

commodity h; h = 1, . . . ,H, is then calculated as:

C̃h
p =

∑
a∈L

c̃hpa δap; (10)

that is, the effective transportation cost on a path, which
represents a trade route, is equal to the sum of the effective
transportation costs for the commodity on links that make up the
path.
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Equilibrium Conditions

Definition 1: The Multicommodity International Trade Equilibrium
Conditions

A multicommodity path trade flow pattern Q∗ ∈ RnP
+ is an

international trade spatial price network equilibrium pattern under
subsidies and tariffs with explicit exchange rates and capacities if
the following conditions hold: For all pairs of country origin and
destination nodes: (i , j); i = 1, . . . ,m; j = 1, . . . , n, and all paths
p ∈ Pij as well as all commodities h; h = 1, . . . ,H:

(π̃h
i (Q

∗)−subhi +τhij )eij+C̃h
p (Q

∗)


≤ ρ̃hj (Q

∗), if Qh∗
p = Q̄h

p ,

= ρ̃hj (Q
∗), if 0 < Qh∗

p < Q̄h
p ,

≥ ρ̃hj (Q
∗), if Qh∗

p = 0.

(11)
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Variational Inequality Formulation and Existence

Theorem 1: Variational Inequality Formulation of the
Multicommodity International Trade Equilibrium Conditions

A multicommodity path trade flow pattern Q∗ ∈ K, where
K ≡ {Q|0 ≤ Q ≤ Q̄} is a multicommodity international trade
spatial price network equilibrium pattern with exchange rates and
under subsidies and tariffs and capacities, according to Definition
1, if and only if it satisfies the variational inequality:

H∑
h=1

m∑
i=1

n∑
j=1

∑
p∈Pij

[
(π̃h

i (Q
∗)− subhi + τhij )eij + C̃h

p (Q
∗)− ρ̃hj (Q

∗)
]

×
[
Qh

p − Qh∗
p

]
≥ 0, ∀Q ∈ K . (12)

Existence of an equilibrium solution Q∗ is guaranteed since
the feasible set K is compact.
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Variational Inequality Formulation

Standard Form

Variational inequality (12) is now put into standard form (cf.
Nagurney (1999)), VI(F ,K), where one seeks to determine a
vector X ∗ ∈ K ⊂ RN , such that

⟨F (X ∗),X − X ∗⟩ ≥ 0, ∀X ∈ K, (13)

where F is a given continuous function from K to RN , K is a
given closed, convex set, and ⟨·, ·⟩ denotes the inner product in
N -dimensional Euclidean space.
Specifically, we define X ≡ Q, K ≡ K , and N = HnP . Plus, F (X )
consists of the elements
F h
p (X ) ≡

[
(π̃h

i (Q)− subhi + τhij )eij + C̃h
p (Q)− ρ̃hj (Q)

]
, ∀h, ∀i , j ,

∀p ∈ Pij . Clearly, VI (12) can be put into standard form (13).
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Illustrative Examples

The unit of flow is a ton of wheat.

In these examples, there are no commodity path flow capacities.

These illustrative examples are stylized but, nevertheless, are
grounded in real data.
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Example 1 - Pre-Invasion Scenario

The network topology for Illustrative Example 1 with nodes 1 and 2
representing Ukraine and node 3 corresponding to Lebanon. There
is a single path p1 = (a, b), where link a corresponds to transport
to the Black Sea ports via rail inside Ukraine, and link b represents
maritime transport from the Black Sea ports to Lebanon.
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Example 1 - Pre-Invasion Scenario

The exchange rate data for Example 1 is drawn from early January
2022:

e13 = 55.0581, ea = 1.0000, eb = 55.0581.

The supply price function in Ukraine in hryvnia is:

π1 = π1(s1) = .000136s1 + 7, 001.60.

The transportation cost functions in local currencies are:

ca = ca(fa) = .000278fa+954.80, cb = cb(fb) = .000278fb+1, 091.20.

The demand price function in Lebanon in Lebanese pounds is:

ρ3 = ρ3(d3) = −.15d3 + 602, 344.00.

The effective exchange rates and the effective link costs are:

ep1a = eaeb = 55.0581, ep1b = 55.0581,

c̃p1a = ep1a c̃a = 55.0581c̃a, c̃p1b = ep1b c̃b = 55.0581c̃b.
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Example 1 - Pre-Invasion Scenario

The effective path cost on path p1 is:

C̃p1 = c̃p1a + c̃p1b .

Applying the international trade spatial price equilibrium conditions
(11), under the assumption of no tariff and no subsidy, and no
quota, and assuming that Q∗

p1 > 0, we have that:

π̃1(Q
∗
p1)e13 + C̃p1(Q

∗
p1) = ρ̃3(Q

∗
p1),

which, in turn, reduces to:

.1881Q∗
p1 = 104, 200.3344,

with solution:
Q∗

p1 = 553, 962.4370.

The 553, 962.4370 tons of wheat flow is quite reasonable,
since, in 2021, Lebanon imported 520, 000 tons of wheat from
Ukraine, and an even greater harvest was expected in 2022.
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Example 1 - Pre-Invasion Scenario

The above wheat commodity flow pattern results in a supply and a
demand of:

s∗1 = d∗
3 = Q∗

p1 = 553, 962.4370.

The supply and demand prices are:

π1(s
∗
1 ) = π̃1(Q

∗
p1) = 7, 076.9388 UAH = $257.7002,

ρ3(d
∗
3 ) = ρ̃3(Q

∗
p1) = 519, 249.6344 LBP = $343.4190.

The incurred transportation costs are:

c̃a = 1, 108.8015 UAH = $40.3759, c̃b = 1, 245.2015 UAH = $45.3428.

The supply price of $257.7002 per ton of wheat in Ukraine
(at the farmer level) and the demand price of $343.4190 in
Lebanon are close to the reported prices in 2021. Farmers in
Ukraine could get about $270 per ton of wheat before the
invasion. The transportation cost pre-invasion for a ton of
wheat in Ukraine to a port was about $40, as is the result in
this example.
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Example 2 - Invasion Scenario

In Example 2, we consider the invasion scenario after
February 24, 2022, but before the Black Sea Grain Initiative,
which took effect in late July. During this period, essentially no
grain was shipped from Ukraine using a Black Sea route as in
Example 1. There is a single path p2 = (c , d , e). Nodes 1, 3, 4,
and 5 denote Ukraine, Lebanon, Moldova, and Romania,
respectively.

Professor Anna Nagurney Networks and Supply Chains



Example 2 - Invasion Scenario

The exchange rates for Example 2 are obtained from early July;
that is, after the invasion but before the Black Sea Grain Initiative:

e13 = 51.6836, ec = .6528, ed = .2523, ee = 313.6980,

The exchange rates were essentially the same on July 20, 2022.

The supply price function in Ukraine in hryvnia is:

π1(s) = π1(s1) = .002673s1 + 2, 806.30.

The difference in supply price function compared to the
function in Example 1 is due to the damages because of the
war.
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Example 2 - Invasion Scenario
The transportation cost functions in local currencies are:

cc = .002768fc + 6, 546.50, cd = .002172fd + 2, 324.60, ce = .000257fe + 345.40.

The difference in the cost function on link c in this example
and the cost function on link a in Example 1, with both
entailing rail transportation in Ukraine, is due to the different
rail gauges used in Ukraine and Moldova, which necessitates
including loading and unloading costs. Loading and unloading
costs are also accounted for in the cost function on link d .

The demand price function in Lebanon in Lebanese pounds is:

ρ3(d) = ρ3(d3) = −.17d3 + 793, 747.50.

Note that due to the food security issues in Lebanon and
concerns over the availability of Ukrainian wheat because of
the war, the demand price function is different from the one
in Example 1.
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Example 2 - Invasion Scenario

According to the international trade spatial price equilibrium
conditions (11), and assuming that Q∗

p2 > 0, we have that:

π̃1(Q
∗
p2)e13 + C̃p2(Q

∗
p2) = ρ̃3(Q

∗
p2),

the solution of which yields:

Q∗
p2 = 25, 780.2589.

The wheat flow of 25, 780.2589 tons is reasonable since,
without access to deep-sea ports on the Black Sea, Ukraine
can, at most, export around 10% of what it used to.

This commodity flow results in a supply and a demand of:

s∗1 = d∗
3 = Q∗

p2 = 25, 780.2589.
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Example 2 - Invasion Scenario

The supply and demand prices are:

π1(s
∗
1 ) = π̃1(Q

∗) = 2, 875.2106 UAH = $98.2813,

ρ3(d
∗
3 ) = ρ̃3(Q

∗) = 789, 364.8559 LBP = $522.0667.

The incurred transportation link costs are:

c̃c = 6, 617.8597 UAH = $226.2137, c̃d = 2, 380.5947 MDL = $124.6358,

c̃e = 352.0255 RON = $73.0358.

The transportation cost of grain inside Ukraine has jumped
to about $200. Furthermore, because of the ongoing war,
Ukrainian farmers are earning approximately $100 per ton of
wheat, which is similar to the supply price of $98.2813 in this
example. Moreover, with the continuing food crisis in
Lebanon, and, as a result of the war, the price of wheat in
Lebanon has gone up to more than $500 per ton.
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Example 3 - Black Sea Grain Initiative in Place

The network topology for Example 3, where we consider the
post-July 22 Black Sea Grain Initiative scenario with
maritime transportation from several of the Ukrainian Black
Sea ports being, again, possible. In the network above, the
nodes and the links correspond to the same countries and modes
of transportation as in Examples 1 and 2.
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Example 3 - Black Sea Grain Initiative in Place

The exchange rates on links are from late August; that is, after the
Black Sea Grain Initiative:

ea = 1.0000, eb = 41.3469, ec = .5291,

ed = .2521, ee = 309.8670, e13 = 41.3469.

The exchange rates were essentially the same on July 22, 2022.

The supply price function in Ukrainian hryvnia is now:

π1(s) = π1(s1) = .000167s1 + 3, 364.60.

Observe that due to the damages by the ongoing war, the
supply price function, again, changes from the ones in
Examples 1 and 2.
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Example 3 - Black Sea Grain Initiative in Place

The transportation cost functions in local currencies are:

ca = .000217fa + 7, 144.80, cb = .000246fb + 7, 423.10,

cc = .003284fc + 8, 304.80, cd = .003097fd + 2, 397.50,

ce = .000428fe + 361.20.

The damages to the transportation infrastructure, and the
congestion associated with products to be exported after the
placement of the Black Sea Grain Initiative, result in different
transportation cost functions from the previous examples.

The demand price function in Lebanese pounds is:

ρ3(d) = ρ3(d3) = −.082d3 + 796, 162.50.

The demand price function is different from Example 2,
which is in correspondence to the food security issues in
Lebanon.
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Example 3 - Black Sea Grain Initiative in Place

The equilibrium conditions (11) are, for this example, assuming
positive commodity shipments:

π̃1(Q
∗)e13+C̃p1(Q

∗
p1) = ρ̃3(Q

∗), π̃1(Q
∗)e13+C̃p2(Q

∗
p2) = ρ̃3(Q

∗).

The solution of the above system of equations yields a negative
path flow on path p2, which is infeasible. Therefore, path p2 is not
used. Then, one has that: Q∗

p1 = 506, 566.8120 and Q∗
p2 = 0.0000,

with the commodity flows, again, in tons.

The supply is similar to what Ukraine used to export to
Lebanon pre-war. With the availability of maritime
transportation from Ukraine on the Black Sea, the wheat
flow on path p2 is at 0.0000, which is due to the inefficiency
of transporting the grain to a Middle Eastern country by
such a route and composition of modes.
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Example 3 - Black Sea Grain Initiative in Place

This wheat commodity flow pattern results in the following supply
and demand:

s∗1 = d∗
3 = Q∗

p1 + Q∗
p2 = 506, 566.8120,

with the supply and demand prices per ton now being:

π1(s
∗
1 ) = π̃1(Q

∗) = 3, 449.1966 UAH = $94.3212,

ρ3(d
∗
3 ) = ρ̃3(Q

∗) = 754, 624.0214 LBP = $499.0899.

The incurred transportation costs are:

c̃a = 7, 254.7249 UAH = $198.3867, c̃b = 7, 547.7154 UAH = $206.3988,

c̃c = 8, 304.8000 UAH = $227.1019, c̃d = 2, 397.5000 MDL = $123.9018,

c̃e = 361.2000 RON = $74.0245.

Although the initiative has facilitated the transportation of wheat,

the war, and nearly full storage have kept the prices high. The

supply price at $94.3212 and the demand price at $499.0899, along

with the $206.3988 transportation cost on link b, reflect these

issues and are preventing the demand market prices from falling.
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Example 4 - Example 3 Data with Subsidy

In Example 4, we, again, consider the post-July 22 Black Sea
Grain Initiative scenario with maritime transportation via the
Black Sea from Ukraine possible; however, a subsidy is
introduced in this example, and the impact is quantified. We
consider the effect of the subsidy sub1 = 1, 000.00 in hryvnia on
Ukrainian wheat shipped to Lebanon:

In the solution of this example, again, only path p1 is used,
and one has that: Q∗

p1 = 889, 408.4787 and Q∗
p2 = 0.0000.

This wheat commodity flow pattern results in the following supply
and demand:

s∗1 = d∗
3 = Q∗

p1 + Q∗
p2 = 889, 408.4787,

with the following supply and demand prices:

π1(s
∗
1 ) = π̃1(Q

∗) = 3, 513.1312 UAH = $96.0696,

ρ3(d
∗
3 ) = ρ̃3(Q

∗) = 723, 231.0047 LBP = $478.3273.
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Example 4 - Example 3 Data with Subsidy

The incurred transportation costs are:

c̃a = 7, 337.8016 UAH = $200.6585, c̃b = 7, 641.8944 UAH = $208.9742,

c̃c = 8, 304.8000 UAH = $227.1019, c̃d = 2, 397.5000 MDL = $123.9018,

c̃e = 361.2000 RON = $74.0245.

The subsidy increases the quantity of wheat shipment, and
increases the price that farmers can expect to get for a ton
of wheat to $96.0696, which is of value as the current low
supply prices threaten the farmers’ ability to buy seed and
equipment for the next harvest season.

The subsidy also helps to reduce the demand price to
$478.3273, which can be of significant importance in
countering the food crisis and associated food insecurity in
Lebanon.

Professor Anna Nagurney Networks and Supply Chains



Algorithm

Modified Projection Method of Korpelevich

Step 0: Initialization
Initialize with X 0 ∈ K. Set the iteration counter t := 1 and let β be a
scalar such that 0 < β ≤ 1

η , where η is the Lipschitz constant.
Step 1: Computation
Compute X̄ t by solving the variational inequality subproblem:

⟨X̂ t + βF (X t−1)− X t−1,X − X̂ t⟩ ≥ 0, ∀X ∈ K. (14)

Step 2: Adaptation
Compute X t by solving the variational inequality subproblem:

⟨X t + (βF (X̂ t)− X t−1),X − X t⟩ ≥ 0, ∀X ∈ K. (15)

Step 3: Convergence Verification
If |X t − X t−1| ≤ ϵ, with ϵ > 0, a pre-specified tolerance, then stop;
otherwise, set t := t + 1 and go to Step 1.
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Algorithm

Explicit Formulae at Iteration t for the Multicommodity Product Path
Flows in Step 1

The algorithm results in the following closed form expressions for (14) for
the multicommodity product path flows in Step 1 for the solution of
variational inequality (12):

Q̄ht
p = max{0,min{Q̄h

p ,Q
ht−1
p + β(ρ̃hj (Q

t−1)− (π̃h
i (Q

t−1) + subhi − τhij )eij

−C̃ h
p (Q

t−1))}},

∀h,∀p. (16)

The explicit formulae for (15) in Step 2 readily follow.
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Insights

• The importance of having alternative routes in countering
disruptions and congestion is evident in our examples.

• The results strongly confirm the need for efficient
transportation routes for trade, as, for example, for the export
of grain via maritime transport from the Black Sea ports in the
case of Ukraine.

• The examples show the benefits of subsidies for agricultural
trade for both farmers and consumers.

• The impact of the exchange rates on the grain commodity
flows and on producer and consumer prices are revealed in
the examples for different periods: pre-invasion, following the
invasion, and after the Black Sea Grain Initiative.

• The examples demonstrate the importance of the
Ukrainian grain, and its relevance to global food security.
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Making a Positive Impact
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Writing OpEds
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Coverage by the Media

Professor Anna Nagurney Networks and Supply Chains



Writing OpEds in the Pandemic

On March 11, 2020 the WHO declared the pandemic. On March

12 my article on blood supply chains in The Conversation appeared

and, on March 24 my article in INFORMS Analytics Coronavirus

Chronicles.
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Writing OpEds in the Pandemic

On August 4, 2020, I published an article in The Conversation,

“The Raging Competition for Medical Supplies is not a
Game, but Game Theory Can Help.”

On September 18, 2020, I published another article in The
Conversation,

“Keeping Coronavirus Vaccines at Subzero Temperatures
During Distribution Will Be Hard, but Likely Key to Ending
Pandemic.”
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Writing OpEds in the Pandemic

On April 5, 2021, I published the article,

“Today’s Global Economy Runs on Standardized Containers,
as the Ever Given Fiasco Illustrates,” also in The Conversation.

On September 21, 2021, my article,

“Global Shortage of Shipping Containers Highlights Their
Importance in Getting Goods to Amazon Warehouses, Store
Shelves and Your Door in Time for Christmas,” appeared in
The Conversation. It has had over 330,000 reads.
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Some of My Media Interviews in the Pandemic

Professor Anna Nagurney Networks and Supply Chains



Writings After the Full-Scale Invasion
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Some of the Media Interviews on the War on Ukraine
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Impacting Policy

On April 22, 2020, a letter from California Attorney General
Xavier Becerra to Admiral Brett Giroir, the Assistant
Secretary of the US Department of Health & Human
Services, and signed by US Attorney Generals of 21 other
states, requested updates, because of the pandemic blood
shortages, to blood donation policies that discriminate.

My March 2020 article in The Conversation, which was
reprinted in LiveScience, was the first reference and was
cited on the first page.
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Impacting Policy

Xavier Becerra, then CA Attorney General, is now the
Secretary of Health and Human Services in the United
States in President Biden’s administration!

Professor Anna Nagurney Networks and Supply Chains



The Future is Bright But Investment is Needed

It is very important that we codify the history / herstory of
OR for different age groups.
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The Future is Bright But Investment is Needed

• The skillsets of our students are highly sought after.

• Our discipline continues to advance methodologies as well
as applications. Many of our tools are used by those in
different disciplines.

• Our members are regularly contacted by the media to
inform and comment on current events and issues.

• The OR Society, INFORMS, IFORS, and others have done
a great job in terms of advocacy and outreach.

• Quite a few of such professional society members are
engaged in writing OpEds, etc.

• More are being called to advise the government (harkens
to the origins of OR).

• The OR discipline arose from applications in practice,
including military applications and logistics. Tighter
interfaces between academics and practitioners are needed.
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Thank You Very Much!

More information on our work can be found on the
Supernetwork Center site:
https://supernet.isenberg.umass.edu/
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